Abstract: PseudoH-type is a natural generalization of H-type to geometries with indefinite metric tensors. We give a complete determination of the conjugate locus including multiplicities. We also obtain a partial characterization in terms of the abundance of totally geodesic, 3-dimensional submanifolds.
Introduction
The study of the conjugate locus in Riemannian Lie groups of H-type has evolved in parallel with that in the ambient class of Riemannian 2-step nilpotent Lie groups. For a brief history of the latter see the introduction to [8] ; here we shall give some for the groups of H-type.
Groups of H-type were introduced by Kaplan in 1981 [11, 12] . A little later, Boggino in 1985 [2] found many of the conjugate points in a Reimannian group of H-type. In 1995, Berndt, Tricerri and Vanhecke [1] determined almost all of the conjugate points in Riemannian groups of H-type, and all of them when the center is 1-dimensional. They included determination of the multiplicities in most cases. Walschap in 1997 [15] showed that for Riemannian H-type groups, the cut locus is the conjugate locus. Finally, in unpublished work from 2001, Kim and Park [13] found explicit formulas for all the conjugate points in any Riemannian H-type group. A recent paper [6] determined all conjugate points in quaternionic Heisenberg groups with the Killing metric tensor from Sp(1, n).
Using Ciatti's generalization of H-type to pseudoH-type [3] , in this paper we shall determine explicit formulas for all conjugate points and their multiplicities in the (larger) class of pseudoH-type, 2-step nilpotent Lie groups with a left-invariant pseudoriemannian (indefinite) metric tensor. When specialized to positive-definite metric tensors, we recover all the known Riemannian results for H-type groups with shorter, simpler, more conceptual proofs.
By an inner product on a vector space V we shall mean a nondegenerate, symmetric bilinear form on V , generally denoted by , . Our convention is that v ∈ V is timelike if v, v > 0, null if v, v = 0, and spacelike if v, v < 0.
Throughout, N will denote a connected, 2-step nilpotent Lie group with Lie algebra n having center z. We shall use , to denote either an inner product on n or the induced left-invariant pseudoriemannian (indefinite) metric tensor on N . We also assume that the center z is nondegenerate with respect to such a metric tensor.
We denote the adjoint with respect to , of the adjoint representation of the Lie algebra n on itself by ad [14] for other notations and results.
For convenience, we shall use the notation J z = ad †
• z for any z ∈ z. (Since the center is nondegenerate, the involution ι may be omitted.) We follow [3] for this next definition. As in the Riemannian case, one might as well make 2-step nilpotent part of the definition since it effectively is so anyway.
Definition 1.1 N is said to be of pseudoH-type if and only if
for any z ∈ z. Lemma 1.11 collects some basic properties of these spaces. In Theorem 2.3 we complete the determination of the conjugate locus for such groups; compare with Theorem 2.2 in [8] . Note that, in contrast to Theorem 2.4 and Corollary 2.6 in [8] , the center may now be of dimension greater than 1.
For H-type groups, the nonsingular condition was shown to be an important determining property of their geometries by Eberlein [5] . For pseudoHtype groups, however, it must be replaced by something better adapted to pseudoriemannian (indefinite metric tensor) geometries. Indeed, one may easily show that a nonsingular, pseudoH-type group necessarily has a (positive-or negative-) definite center. Definition 1.2 Let N be a pseudoriemannian, simply connected, 2-step nilpotent Lie group with Lie algebra n with nondegenerate center z. We say that N is pseudoregular if and only if (1) ad x is surjective for every nonnull x ∈ v = z ⊥ , and (2) J z is nonsingular for every nonnull z ∈ z.
Although (1) and (2) We begin by specializing Theorems 3.1 and 3.6 of [4] to the case of a nondegenerate center.
To study conjugate points, we use the Jacobi operator.
Definition 1.5 Along the geodesic γ, the Jacobi operator is given by
In physics, this operator measures the relative acceleration produced by tidal forces along γ [14, p. 219] . For the reader's convenience, we recall that a Jacobi field along γ is a vector field along γ which is a solution of the Jacobi equation Next, we specialize Proposition 4.8 of [4] to our present setting. As there, L n denotes left translation in N by n ∈ N .
As in [7] , we shall identify all tangent spaces with n = T 1 N . Thus we regarḋ
as the geodesic equation. Using Proposition 1.4, we compute Lemma 1.7 The Jacobi operator along the geodesic γ in N with γ(0) = 1 andγ(0) = z 0 + x 0 is given by
for all z ∈ z and x ∈ v, where x ′ = e tJ x 0 and J = J z0 .
For the reader's convenience, we provide the statement of Proposition 2.1 from [8] .
tJ u(t) along γ, where z(t) ∈ z and u(t) ∈ v for each t, is a Jacobi field if and only iḟ
where x ′ (t) = e tJ x 0 with J = J z0 and ζ ∈ z is a constant.
We also provide an adapted version of the statement of Theorem 2.2 from that paper. First we recall some notation. Definition 1.9 Let γ denote a geodesic and assume that γ(t 0 ) is conjugate to γ(0) along γ. To indicate that the multiplicity of γ(t 0 ) is m, we shall write mult cp (t 0 ) = m. To distinguish the notions clearly, we shall denote the multiplicity of λ as an eigenvalue of a specified linear transformation by mult ev λ.
Let γ be a geodesic with γ(0) = 1 andγ(0) = z 0 + x 0 ∈ z ⊕ v, respectively, and let J = J z0 . If γ is not null, we may assume γ is normalized so that γ,γ = ±1. As usual, Z * denotes the set of all integers with 0 removed. 
Note that Parts 1 and 2 here correspond with Parts 2 and 3 there. Since we are assuming N is of pseudoH-type, J z = 0 only for z = 0. Indeed, writing z = z t − z s where z t is timelike and z s is spacelike, it is immediate that J Finally, here are some basic results on pseudoH-type spaces, useful for computations in them.
Lemma 1.11
Let N be a group of pseudoH-type. Then these hold for all z, z ′ ∈ z and x, y ∈ v:
Main Results
First, we present an example of a pseudoH-type group which is singular (not nonsingular), therefore not of H-type.
Example 2.1 Let n be the following Lie algebra with indefinite form , .
We present it via a null basis for v and an orthonormal basis for z.
where all the nontrivial inner products are given by
The structure equations are
with all other brackets vanishing. The group N is the unique, simply connected, 2-step nilpotent Lie group with Lie algebra n. It is of pseudoH-type: a straightforward computation shows that J
2 )I as required. It is easy to verify that it is singular.
The main difference between pseudoH-type and H-type is that J z can drop rank on null vectors. This can be quantified.
Proposition 2.2 Let N be of pseudoH-type with Lie algebra
Proof: Choose a nonnull z ∈ z. First, assume z, z = λ 2 > 0, so J 2 z = −λ 2 I. Now choose a unit (timelike or spacelike) e 1 ∈ v; then e 1 ⊥ J z e 1 . Next, choose a unit (timelike or spacelike) e 2 ∈ v such that e 1 , e 2 = e 2 , J z e 2 = 0; then e 1 , J z e 1 , e 2 , J z e 2 are mutually orthogonal. Continuing this process, we obtain a basis for v with an even number of vectors. Now assume z, z = −λ 2 < 0, so J 2 z = λ 2 I. This implies that v = ker(J z +λI)⊕ker(J z −λI). One may show that ker(J z +λI) and ker(J z −λI) are complementary null subspaces; cf. [9] for such an argument. Again, we find dim v is even.
For the rank of J z , let 0 = z ∈ z be null and assume that J z x = 0. Write z = z t − z s where z t is timelike, z s is spacelike, and z t ⊥ z s . By assumption, J zt x = J zs x. By Lemma 1.11, J zt x, J zs x = z t , z s x, x = 0 on the one hand, and J zt x, J zs x = J zt x, J zt x = z t , z t x, x on the other. Hence x is null and ker J z is a null subspace of v. Thus there exists a complementary null subspace v ′ . Consider the subspace ker
Let γ be a geodesic with γ(0) = 1 andγ(0) = z 0 +x 0 ∈ z⊕v, respectively, and let J = J z0 = ad †
where
2. If z 0 , z 0 = −β 2 with β > 0 , then γ(t 0 ) is a conjugate point along γ if and only if t 0 ∈ B 1 ∪ B 2 where
The multiplicity is The proof is found in Section 4.
To show that pseudoregular is necessary, here is a group that satisfies condition (2), but not condition (1), of Definition 1.2 and the hypothesis supra about totally geodesic submanifolds, but is not homothetic to one of pseudoH-type. 
One readily computes J 2 z1+z2 = −4I, but z 1 + z 2 is null so N is not of pseudoH-type, nor even homothetic to one.
It is easy to see that it satisfies condition (2) of Definition 1.2, and ad e1 is clearly not surjective so condition (1) fails to hold. Thus N is not pseudoregular. With a bit more effort, one may show that for every geodesic γ with γ(0) = 1 ∈ N there exists a 3-dimensional, totally geodesic submanifold H such thatγ(0) ∈ T 1 H. Indeed, ifγ(0) = z 0 + x 0 then H = {exp 1 (ax 0 + bz 1 + cz 2 ) | a, b, c ∈ R} where we use the pseudoriemannian (geometric) exponential map, not the Lie group one. In fact, such an H is totally geodesic for any x 0 ∈ v.
3 Proof of Theorem 2.3
For the first part, assume Y (t) = z(t) + e tJ u(t) is a nontrivial Jacobi field along γ with Y (0) = Y (t 0 ) = 0. Then by Proposition 1.8, we may assume thatż
for a constant c and a constant vector ζ ∈ z with z 0 , ζ = 0. The general solution of equation (3.2) satisfying u(0) = 0 is
for some v 0 ∈ v. To get this, we used the fact that e −tJ J ζ = J ζ e tJ ; this follows from item 3 in Lemma 1.11.
Assume that
Then from (3.3) we have u(t 0 ) = ct 0 x 0 = 0 whence c = 0. Thus
and from (3.1) and (3.5) 
Integrating under z(0) = 0,
Substituting into (3.6),
Since z(t 0 ) = 0, this gives 
It readily follows that mult
and it follows that mult cp (t 0 ) = dim v − 1 + dim z − 1 = dim n − 2 as desired.
If cz 0 + ζ = 0 in (3.2), then we have u(t) = (e −tJ − I)v 0 for a constant vector v 0 ∈ v. Since u(t 0 ) = (e −t0J − I)v 0 = 0, by our assumption (3.8) we must have v 0 = 0, which implies that u(t) = 0. This and (3.1) with z(0) = 0 imply that z(t) = 0 for all t. Thus Y = 0, contradicting the nontriviality of Y . Therefore cz 0 + ζ = 0.
From (3.3), u(t 0 ) = 0, and (3.8),
Substituting into equation (3.1) we geṫ
Using the identities
Using Lemma 1.11 and the identities we derived from it earlier, this becomeṡ
Integrating both sides under z(0) = 0 yields
Since z(t 0 ) = 0, we find
If ζ = 0 and c = 0, then
Thus we have shown that if γ(t 0 ) is a conjugate point along γ and t 0 / ∈ (2π/|z 0 |)Z * , then t 0 ∈ A 1 ∪ A 2 . Note that u and z are uniquely determined by the constants c and ζ. Thus we have these multiplicities:
The proof of the second part of Theorem 2.3 is similar.
For the third part, let Y (t) = z(t)+ e tJ u(t) be a Jacobi field with Y (0) = Y (t 0 ) = 0. Then by Proposition 1.8 we havė
where c, d are real constants and ζ, ξ are constants in z such that z 0 , ζ = 1, ζ, ζ = 0, z 0 , ξ = ζ, ξ = 0, and
Since J 2 = − z 0 , z 0 I = 0, (3.11) reduces to
Note that the solution u of (3.12) satisfying u(0) = u(t 0 ) = 0 is unique (if it exists). Consider the vector field u along γ given by
By a direct computation using Lemma 1.11, this u is a solution of (3.12). Since u(0) = u(t 0 ) = 0, it is the unique such solution.
Now we compute 
